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ABSTRACT: According to Schulz et al., the propagation rate constants depend upon the degree of polym- 
erization in the initial stage of the anionic polymerization of methyl methacrylate in tetrahydrofuran a t  -46 
"C. This work deals with the non-steady-state kinetics for the living polymerizations with nonequal propagation 
rate constants, using the graphical technique. Several cases have been taken into account, and expressions 
for the number- and weight-average degrees of polymerization, the heterogeneity index, and the molecular 
weight distribution function are derived. The relationships between the reaction conditions and the molecular 
parameters of the resultant polymer have also been established. 

Introduction 
Terminat ionless  polymerization was first described by  

Ziegler1-3 and later b y  Mark.4 For living polymerization 
with the initiation rate constant equal to the propagation 
constant, Flory5 has given the Poisson distribution for the 
polymer formed. However, i t  was Szwarc6J who actually 
discovered living polymerization in  1956 on the basis of 
highly convincing experiments. Two years later, Gold6 took 
account  of the fac t  that the rate constant of initiation is 
different f rom that of propagat ion and obtained the im- 
proved Poisson distribution. It is  of interest that several 
authors"12 have estimated the individual propagation rate 
constants from their own experimental data. Maget13 have 
studied theoretically the molecular weight distribution for 
living polymerization with n reaction steps and nonequal 
rate constants. However, the other impor tan t  molecular 
parameters ,  such  as the number-  and weight-average de- 

'Part 2: cf. ref 17. 

grees of polymerization and the heterogeneity index, have 
not yet  been reported. Mita14 has dealt with this problem 
with the assumptions of instantaneous initiation and m 
propagation steps, but little improvement has been made. 
Recently, Schulz and co-workers12 have reported that the 
propagation rate constants vary with the degree of po- 
lymerization in the initial s tage of the anionic polymeri- 
zation of MMA i n  THF at -46 "C and compared the ex- 
perimental results with numerical solutions of the related 
kinetic equations. Obviously, i t  is necessary to treat com- 
prehensively living polymerization with nonequal propa- 
gation rate constants. Using the graphical method'"'' and 
Laplace transformation, all the molecular parameters for 
the resulting living polymer are derived i n  this paper. 

1. General Treatment 
The differential equat ions for the formation and dis- 

appearance of t h e  living n-mer N1, N2, ..., N,, as well as 
for the consumption of initiator No, are given b y  the fol- 
lowing equations: 

0024-9297/89/2222-2926$01,50/0 0 1989 American Chemical Society 
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dNo/dt = -k&lNo (1) 

dNn/dt = kn-lMNn-l - knMNn, n = 1, 2, 3, ... (2) 

where M is the concentration of monomer. The initial 
conditions of eq 1 and 2 are 

No(t=O) = I N+l( t=O) = 0 M(t=O) = Mo 
I and Mo are the initial concentrations of initiator and 
monomer, respectively. For the convenience of derivation, 
the following variable transformation is introduced 

- 
( A  + k o ) / Z  

- k0 ( A + h l )  0 

- * I .  , ( A + k 2 ) ,  

’ . -k,+ ( A +  k , - l )  

- k n - 1  ( X + k , )  

0 -kn.  . ( A + k n + t ) ,  
- 
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to the next is associated with one of the nondiagonal ele- 
ments. The initial vertex possesses a weight of (A + ko)/I ,  
and vertex n (n = 1,2,3,  ... ) has a weight of (A + kn). The 
weight of the edge between vertex n - 1 and n is -kn-l. 
According to the graphical rule,15 the expression of image 
function R,  is a fraction with a factor (-l)n, of which the 
numerator is a product composed of weights of all edges 
in Graph G1, and the denominator is also a product of 
weights of all vertices in the same graph. For vertex zero, 
the numerator is defined to be unity. Then we have 

X 

- 

x = J I M  dt (3) 

Furthermore, in terms of definitions of the Laplace 
transformation, we have 

R ,  = Jme-h”Nn dx, n = 0, 1, 2, ... 

kRn = dx n = 1, 2, 3, ... 
Then 

X + ko 
I Ro = 1 

The coefficient matrix of eq 8 relates to the topology of 
the algebraic set which can be denoted by Graph G1. 

Graph G, 

.xg 07 - * * * -  

)r + k,-l A + k, 0 - @ - a * *  

- k n - l  

In Graph G1, a vertex corresponds to a diagonal element 
of the triangle matrix, and an edge diverting from a vertex 

I Ro = - 
X + ko 

Equation 9 is corroborated in Appendix A. In accordance 
with the Riemann-Melin integral, the reverse Laplace 
transformation is 

N n  = - 1 S R n e h ”  dx = res [R,ehTIX=Aj 2ri  L j 

where “res” symbolizes the residue and L is an arbitrary 
line parallel to the imaginary axes in the complex plane, 
at the right hand of which there is no pole of image 
function R,. Equation 9 shows that there are n + 1 poles 
in R,, Le., A. = -ko, X1 = -k l ,  A2 = -k2, ..., X, = -kn. All 
of them are the first-order poles, so that it is easy to 
perform the reverse Laplace transformation: 

N o  = res [Roex”]A,-k, = lim {leh”) = Ie-k@ (11) 
A-ko 

n-1 n 
res [RneX”lAj = lim { I n k i e h ” / n ’ ( A  + ki))  = 

A-kj F O  i=O 

where nrm0 denotes i # j in the product of the terms 
indicated. Finally we obtain 

N n  = 2 res [Rneh”IAj = 
j=O 

n n-1 
I C ( f l k i e - k l X / f i ’ ( k i  - k j ) ) ,  n 2 1 (13) 

This is the general expression for the molecular weight 
distribution function of a living polymer. The statistical 
moments are respectively adapted to the following equa- 
tions, which are derived from eq 4 and 5. 

j = o  i = O  i=O 

d 5 N .  
n=l  -- - kdV0 dx 

d F n N ,  
(15) 

n=l -- - CkJ” dx n=O 

d 5 n 2 N ,  m m 

(16) 
n=l  

= 2 nknNn + knNn 
dx n=l n=O 

Equations 15 and 16 result in 
m 

C N n  = 1(1 - e-h@) (17) 
n = l  
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Hence, the number- and weight-average degrees of po- 
lymerization are respectively 

(21)  

Provided M o  and M are the initial and residual concen- 
trations of monomer and Y and t represent the monomer 
conversion and reaction time, one obtains 

and 

The value of x can be calculated from eq 23 or 24. Then 
all the molecular parameters of the living polymer can be 
evaluated according to the polymerization conditions. 

Equation 13 is the so-called Bateman equation,lg which 
is frequently used in nuclear chemistry but seldom met 
in polymerization kinetics. Several more realistic cases are 
discussed below. 

2. k, # kp, k,,, = kp 
In case of ko # k ,  and k l  = k2 = k ,  = ... = k,, the 

Graph G2  

topological graph of the related algebraic set becomes 
Graph G2 In accordance with the graphical rule, the image 
function for N ,  is 

(25)  

It is evident that the expression for No is the same as in 
eq 11. In eq 25, there are two poles, one of which is the 
first-order pole, A,, = -ko, and the other is the nth-order 
pole, XI = -k,. Subsequently, the respective residues are 

Ikokpn-l n-1 [ (k ,  - ko)x]je-kfi 
(27)  j !  C 

(kp  - ko)" j = o  
- 

Hence 

N ,  = res [RneX"Ix, + res [ R n e X l ] ~ ,  = 

where a = ko/kp,.  a = kpx.  Equation 28 is the improved 
Poisson distribution, which is identical with that reported 
by Gold,8 if some necessary substitutions are made. 
Equation 28 can also be expressed as follows (see Appendix 
B) : 

where 

and 
to calculate the statistical moments by way of eq 29. 

is an incomplete gamma function. It is easy 

I t  follows that 

EN,, = 1(1 - e-aa) 
n 

Therefore 
1 - a  

a - -  (1  - e-"") 
(35)  

U 

1 - Pn = 

(37) 
I' 1 - a  [.-- a (1 - e-"") 

Gold8 has not related his result to the polymerization 
conditions, so that there has been a gap between the 
theoretical and experimental studies. A simple method 
is established below, by which the molecular parameters 
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Figure 1. Relationship between the heterogeneity index and the 
monomer conversion or the ratio of initial concentration of mo- 
nomer to  that of initiator, I/Mo = 2.5 X lom3 for P,,./Pn - Y,  Y 
= 1 for PdP, - Mo/Z (1) a = 1 X (3) a 
= 2 X 10- ; (4) a = 4 X (6) a = 8 X lo-'. 

(2) a = 1 X 
( 5 )  a = 6 X 

0 0 .  L 'u + 
A 

Figure 2. Relationship between the heterogeneity index and the 
value of constant a, Z/Mo = 1/400: (1) Y = 0.05; (2) Y = 0.10; 
(3) Y = 0.15; (4) Y = 0.20; (5 )  Y = 0.25; (6) Y = 0.30. 

of living polymer are connected with the corresponding 
reaction parameters. From the definition of monomer 
conversion and eq 3, we have 

a-- 
a 

and 
0. W# 

a.041 

0.016 

0.002 

(38) 

(39) 
d a  

According to eq 38, the magnitude of parameter a is de- 
termined in terms of the Newton-Raphson method,ls as 
is the molecular weight distribution curve and the average 
degrees of polymerization. Figure 1 shows the relation 
between the heterogeneity index and monomer conversion 
at  certain magnitudes of kinetic ratio a and I / M o  = 2.5 X 

The same figure also presents the relation between 
the heterogeneity index and initiator level at  Y = 1 and 
various values of a .  Figure 2 indicates that the resulting 
living polymer becomes more homogeneous with the in- 
creasing of ratio a.  The molecular weight distribution 
curves computed from the polymerization conditions are 
displayed in Figure 3. 

Now, we consider a few more special cases, i.e., ki  = k p  
and ki  - m. When a = 1, eq 28 is rearranged to 

Then 

If a - 03, eq 28 must be rearranged in another form: 

Because a / ( l  - a )  = 1,  e ( l - a ) a / ( l  - = 0, and 

hence 
an-l -a e 

N ,  = I- 
(n - l ) !  

0 100 Zm 3oc yw 5m 6w 700 & p00 /om 1/00 la00 

n 
Figure 3. Differential molecular weight distributions at various monomer conversions, W ( 4  = nNn/CnnNn, a = 1 x Z/Mo = 
1 X IO-? (1) Y = 0.10; (2) Y = 0.20; (3) Y = 0.30; (4) Y = 0.40; ( 5 )  Y = 0.50; (6) Y = 0.60; (7) Y = 0.70; (8) Y = 0.80; (9) Y = 0.90; 
(10) Y = 1.00. 
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Figure 4. Relationship between the heterogeneity index and the 
monomer conversion, a = 1.1, b = 3.1 (from Schulz et al.12): (1) 
Z/Mo = 0.05; (2) I /Mo  = 0.025; (3) I/Mo = 0.0125; (4) I/Mo = 
1/120; (5) Z/Mo = 0.005; (6) I/MO = 1/300; (7) Z / M o  = 0.0025. 
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r' 
Figure 5. Relationship between the heterogeneity index and the 
monomer conversion, a. = 11/7, al = 16/35, a2 = 417, a3 = 517: 

= 1/120; (5) Z/Mo = 0.005; (6) I/Mo = 1/300; (7) I/Mo = 0.0025. 
(1) Z / M o  = 0.05; (2) I/Mo = 0.025; (3) I/Mo = 0.0125; (4) I/Mo 

In both cases of ki = k ,  and ki  - m, the Poisson distri- 
bution is obtained. 

3. kn,2 = kp 
According to Schulz et a1.,12 the anionic oligomerization 

of MMA using MIB-Na as the initiator in THF a t  -46 "C 
is free from side reactions and falls within the type of the 
polymerization treated in this section. When k2 = k3 = 
... = k,, the weights of the vertices and edges are shown 
in Graph G3. Apparently 

Graph 0 3  

A+ko - 
I A + t ,  A + kp A + k p  

@ 7 0 @ 7 @ - . . . -  

A + kD A + kD 

Ikok , kpn-2 
R, = n = 2, 3) ... (43) 

(A + ko)(X + kl)(X + kp)n-l' 

Equation 11 is still valid for this case, and 

b e-aa - -e-bu a 
N ,  = I{- b - a  b - a  (44) 

where b = k, /k , ,  and symbols a and a have the same 
meanings as before. There are three poles in eq 43, namely, 
the first-order poles X, = -ko and X1 = -kl and the (n-l)th 
pole X2 = -kp. It follows that 

Ik,k ,kpn-2 
res [RneAxIx, = e-k@ (45) 

(hi - ko)(kp - ko)"-l 

Finally we obtain 

For derivation of various moments, it is convenient to 
utilize the following equation: 

This results in expressions for the average degrees of po- 
lymerization etc. 
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(3  - f + 

b 

b [  a + (2 - :) - ( 2  - a - 
- a [  a + (2 - i) - (1 - (51) 

m-1 

n kikpn-me-kfl n-m[(k, - k ; ) ~ ] ~  r=O 
(57) 

m-1 

k !  - I C  a - b  j=o m-1 
n ' ( k i  - k,)(kp - kj)n-m+lkEO 
i=O 

Then the molecular weight distribution curve and the 
average degrees of polymerization of the resulting polymer 
can be calculated from the reaction conditions, such as the 
initial molar ratio of the initiator to monomer and the 
monomer conversion. For instance, the relationship be- 
tween the heterogeneity index and monomer conversion 
is given in Figure 4. 

4. knam = kp 
For the case under consideration here, the topological 

graph of the correspondent algebraic set is Graph G4. 
G r a p h  0 4  

A + k g  - 
I A + k l  A + k 2  

@ 7 0 7 @ - * * *  - 
A + k m - 1  A +  k p  A + k p  

k + kp X + Rp 0 7 @ - ... 
N,,, can be derived simply. By cutting away all the 
vertices on the right hand of vertex (m - 1) from Graph 
G4 and comparing the residual graph with Graph G1, we 
immediately obtain 

n-1 II aie-aia 

II '(a,  - a,) 

n i=o 
Nn<, = I C  (54) 

;=o 
i=O 

where ai = ki/k,. For Nnbm, the image function is 
kikpn-'" 

Rn = I?? (55) 
i=O ( A  + k J ( A  + kp)n-m+l 

In eq 55, there are (m + 1) poles, one of which is the 
(n-m+l)th-order pole, A, = -k,, and the others are the 
first-order poles (A, = -kj, j = 0,  1, 2, ..., m - 1). Subse- 
quently 

IR1kikpn-me-kjx 

(56) 
i=O 

res [Rnex"Ihj = m-l 

I I ' (k i  - k j ) ( kp  - kj)n-m+l 
i=O 

Finally, the following equation is derived: 

(58) 
where r(l*j)u(n - m + 1) is an incomplete gamma function, 
a j  = k j / k p ,  and a is equal to k,x. It  is easy to derive the 
statistical moments, and the results are 

(59) 
m .  

C Nn = 1(1 - e-aoa) 
n=l 

m-lm-1 II'-[ ai (m - $1 - e-aja) + a l l  (60) 

j=o i=O ai - Uj 

(61) 
In accordance with the definitions of the number- and 
weight-average degrees of polymerization, the related ex- 
pressions are obtained from eq 59-61. The representations 
for the monomer conversion and reaction time are as 
follows: 

+ 

m-lm-1 ='-[cy ai + (m - k)(l - e-aja)]l (62) 
;=o i=O ai - U j  

and and 
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n=l 

Equations 58-63 are the universal expressions for the 
molecular parameters of the living polymer. Recently, 
Schulz et al. have reported that for the anionic polymer- 
ization of MMA using MIB-Li as the initiator in THF at  
-46 "C, side reactions are absent, and ko = 100, kl = 32, 
k2 = 40, k ,  = 50, k4 = k5 = ... = kp  = 70. For this oligom- 
erization system, the visualized expressions of the molec- 
ular weight distribution, the number- and weight-average 
degrees of polymerization, and the monomer conversion 
can easily be obtained from eq 54 and 58-62. As an ex- 
ample, we find the heterogeneity index for the oligomer 
from the reaction conditions, and the results are shown in 
Figure 5. 

It is necessary to point out that the molecular weight 
of the initiator fragment must be taken into account for 
the oligomer with very short chains. A little revision may 
be introduced into the definitions of number- and 
weight-average molecular weights from Schulz et al.: 

m 

NOWo + C (W0 + n W N ,  

I 

NOW: + E ( Wo + n W 2 N n  

NOW0 + C ("0 + nW)Nn 

(64) 
n=l Mn = 

M ,  = m 

m 

(65) 
n = l  

n = l  

The differential molecular weight distribution is 

, n = 0 , 1 , 2  ,... (Wo + n W N ,  
W ( n )  = m 

NOWo + C (Wo + n W N ,  
n = l  

(66) 
where Wo and Ware the respective molecular weights of 
the initiator fragment and monomer. Schulz et a1.12 have 
recently given the numerical solutions of eq 1 and 2 for 
the oligomerization of MMA in T H F  at -46 "C initiated 
by MIB-Li or MIB-Na, which conform with the experi- 
mental data. We have calculated the molecular weight 
distribution curves for the same oligomerization systems 
by eq 66 combined with eq 58 and 60 or eq 48 and its 
first-order moment; the results are identical with those of 
Schulz and co-workers. It seems worth mentioning that 
Szymaiiskim has utilized some of the equations of this work 
to treat successfully his experimental data. 
Appendix A 

Due to the Cramer rule, eq 8 results in 
Rn = D n / D  (AI) 

where 
D =  

0 

and 
on = 

0 l l  

0 

Therefore 
n-1 
IIki 
i=O R , = I n  

I I ( A  + ki) 
i=O 

Appendix B 
Let 

then 

1 x Xn-l -x e dx = - r m  .=I- ( n  - ll! ( n  - I)! 

Registry No. MMA, 80-62-6. 
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ABSTRACT: Polysilanes with carboxylic acids were synthesized by the reaction of phenol-linked polysilanes 
with carboxylic acid anhydrides. Saturated carboxylic acid and the unconjugated double bond were easy to 
introduce, but the introduction of allyl and conjugated double bonds was not achieved satisfactorily. The 
introduction of carboxylic acid drastically increased the solubility of the polysilanes to an aqueous basic solution. 
The unsaturated double bond in the carboxylic moiety reacted when polysilanes were photodecomposed. In 
this case, molecular scission surpassed the cross-linking which was brought by the reaction of the unsaturated 
bond. However, the double bond reacted thermally at  170 "C to cause cross-linking. An exothermic reaction 
occurred drastically a t  250 "C. The base solubility depended on the content of carboxylic acid moieties and 
the molecular weight, The base solubility of the polysilanes increased rapidly under M, = 5 X lo-'. Lines 
(0.3 wm) and spaces were fabricated. 

Introduction 
Various polysilanes which are soluble in organic solvents 

have been synthesized.l-1° Most of them have hydrophobic 
moieties like alkyl or aromatic groups. The authors have 
been interested in polysilanes with hydrophilic moieties, 
especially phenol moieties, because (1) there have been no 
reports on the polymer syntheses and the polymer prop- 
erties and (2) various functional groups may be substituted 
by reacting the phenol moieties with other functional 
molecules. For example, the reaction of the phenol 
moieties with acid anhydrides, acid chlorides, isocyanates, 
and alkyl halides produces carboxylic acids, esters, ure- 
thanes, and ethers, rather mildly. I t  was considered an 
important point whether polysilanes with phenol moieties 
could be prepared or not, because, usually, polysilanes are 
synthesized under a vigorous reaction condition, such as 
in Na dispersion at around 110 OC, and it was thought that 
the organic functional group may be damaged and/or may 
inhibit the Wurtz reaction between Sic1 and SiC1. 
Syntheses of chlorosilanes with phenol moieties (monomer) 
were another important area. Simple silanes substituted 
with phenol moieties, such as p-(triphenylsily1)phenol and 
p-(trimethylsilyl)phenol, were synthesized from bromo- 
phenol, lithium, and triphenylchlorosilanel' or from 
[(trimethylsilyl)oxy]chlorobenzene and trimethylsilyl 
chloride in dispersed Na.12 

The latter method is probably suitable for the prepa- 
ration of polysilanes, since the hydrolysis of (trimethyl- 

the hydrosilylation of methyldichlorosilane and iso- 
propenylphenols, by which the desired silane monomer 
could be synthesized easily. Polysilanes substituted with 
phenol moieties could be obtained by using the Wurtz 
reaction, followed by hydrolysis of the trimethylsilyl group. 
The (trimethylsily1)oxy group was a suitable protector for 
the phenolic moiety. These results have been reported 
previ0us1y.l~ 

Our next goal was to synthesize polysilanes containing 
carboxylic acid groups. Silane monomers substituted with 
both chloride and COOSiMeB were difficult or impossible 
to synthesize by this route, because the hydrosilylation of 
unsaturated double bonds containing COOSiMeB with 
methyldichlorosilane was unsuccessful. The reason was 
that the Pt catalyst could not effectively coordinate with 
the unsaturated double bond, presumably due to com- 
plexation of the carbonyl group. Furthermore, it seemed 
likely that even if the monomer could have been syn- 
thesized, the polysilane would not have been obtained, 
because the COO group was labile under polymerization 
conditions. Therefore, the introduction of carboxylic acid 
was carried out by the polymer reaction of the phenolic- 
substituted polysilanes with acid anhydrides. 

This paper describes (i) the yield of polysilanes sub- 
stituted with carboxylic acids, (ii) the dependence of the 
former on the acid anhydride structure, (iii) the relative 
photodecomposition rates, and (iv) the dependence of 
solubility in organic alkaline solutions on molecular weight. . -  

si1yl)oxy groups is rather easy. However, the reaction-of 
phenyltrichlorosilane with [ (trimethylsily1)oxyl phenyl 
chloride in dispersed Na did not produce [[(trimethyl- 
silyl)oxy]phenyl]phenyldichlorosilane, because the Wultz 
reaction between phenyltrichlorosilane and another phe- 
nyltrichlorosilane is much faster than the reaction between 
phenyltrichlorosilane and [ (trimethylsilyl)oxy]phenyl 
chloride. The authors found a new route for synthesizing 
silane monomers substituted with both chloro- and [ (tri- 
methylsilyl)oxy]phenyl moieties.13 The reaction used was 

Experimental Section 
All experiments were carried out in an argon atmosphere. The 

solvents were purified and dried by CaH, before use. 
Synthesis  of Methy1[2-[3-[ (trimethylsilyl)oxy]phenyl]- 

propyl]dichlorosilane (M-1). Methyldichlorosilane (200 g) wm 
mixed with trimethylsilylated m-isopropenylphenol(200 g), which 
was prepared by the reaction of m-isopropenylphenol with hex- 
amethyldisilazane a t  room temperature followed by distillation. 
m-Isopropenylphenol was purchased from Mitsui Petroleum 
Chemical cO* Then g Of a Pt caMW purchased from 
Toshiba Silicone Co. (not commercially available), was added 
slowly. A conventional catalyst, H,PtC&, c m  also be used in this 
reaction. However, because of the strong acidity of the catalyst, * To whom all correspondence should be addressed. 
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